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5.12.1Further Limits f

Your notes
I'Hopital's Rule
What s I’Hopital’s Rule?

= |’Hopital’s rule is a methodinvolving calculus that allows us to find the value of certain limits

f(x)

= Specifically, it allows us to attempt to evaluate the limit of a quotient g( ) forwhich ourusual limit
X

0 +o00
Eor

evaluation techniques would return one of the indeterminate forms o

I+

How do | evaluate a limit using I’Hopital’s Rule?

STEP 1: Check that the limit of the quotient results in one of the indeterminate forms given above
. flx) fla) 0 1c0
= le.,checkthat lIm—F—~=—F~ = —or
».8x) gla 0
= STEP 2: Find the derivatives of the numerator and denominator of the quotient
. f'(x)
= STEP 3: Check whether the limit lim 7 5 eXists
a8 ()

Ax) £'(x)

+ oo

= STEP4:Ifthat limit does exist, then lim 2(x) = lim —
Xx—a x»>a8 (X)
o flx) fa) 0 +o00
= STEPS5:If lim = = —or —— thenyoumayrepeat the process by considering

a8 () g@) 07 £oo
f''(x)

lim ﬁ (and possibly higher order derivatives after that)
X—>a g X

= Aslongas the limits continue giving indeterminate forms you may continue applying 'Hopital’s rule
= Eachtime this happens find the next set of derivatives and consider the limit again

© ExaminerTip

= Some limits of anindeterminate form can also be evaluated using the Maclaurin series for the
numerator and denominator

= |f anexam question does not specify a method to use, thenyou are free to use whichever method
you prefer
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UseI’'Hopital’s rule to evaluate each of the following limits:

a)

b)

. sinx
lim .
X—>0eX_1
I'F(‘#}

. I;M s'l-ﬂx _ 5;1’1(0) _ O }ﬂéqtﬁ.frﬁ.lnmtﬂ.

STEP 1: X=0 et__l == Qo" | - ‘5&’ foem
3(7‘)j

. Bl 5 B & R
STEP 2.7 -I; (5”\ X) = cos X J'A (Q ") =

) 1o cos X ~ (_,bs(O) _ __‘_ 5 S T .
ETEPF 3 bepired -—--—-—-e“ - g° = : = | =1t extsts

lim SN X

STEP Y : =
X0 e*-| ‘
. X3
il_r,l}) -2x+sin2x
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| aq /
. A (0] [o) e 4 .
ilv"\ - 2 —— e M Qtﬂfmnna:tﬂ_
STEP 1: X=0 Sl r*einlx = —Q(D)*',s"ao - 0 'For-m Your notes

STEP 2: TAI (x*) = 3x" —ﬁ- (2% & sin2x) = -2+ Zcos 2x

: %" a(0)" . )
. liem _— = - E _2 \-ﬂJQtermnna‘tQ
STEP 3 XK= 0 "2‘\‘7.&05’2.% =L+ 2LcosO - (o] il ‘Fgrvn

STEP Lf‘. TLcut 'l:-\:t ;5 sT.'lH o .\nJﬂtQ\’rﬂ;nﬁte {erm‘ 50

?focle.cl tu SlEP S .
J ! ) = o=
d= ( . )

b % _ 6
“Y5inlx T -4 sian0

Grep §: lim _ o
TEP *=0 (o} .-:J--—(-'L&?_coi‘z-“) = -4 gin 2%
*

TLAT.'S st:“ on -\ﬂlﬂtf.fﬁ;ﬂﬁtt ‘Fnr-n, 50 t‘eFeo-t o.aa-ln:

1 & G T&f((”'):&

= T
X—0 -8cosln -8ecos0 ~ [

—f—-—(-%nhy -B cos X

*

Hn& tL\a.t Il-'\!t ex'-s'ts, 50

lien x>

X220 ~2Lx+*sinZx

o
%
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Limits Using a Maclaurin Series

How do | evaluate a limit using Maclaurin series?

» fx)  fx) | | -
= Limits of the form 11m T or lim ﬂ may sometimes be evaluated by using Maclaurin series
X—>a X =00
= Usually this willbe in a situation where attempting to evaluate the limitin the usual way returns an
0 +o00

indeterminate form = or .
0 + 00

= |nsuchacase:
= STEP1: Find the Maclaurin series for () and g(x)

f(x)
= STEP 2: Rewrite using the Maclaurin series in the numerator and denominator
2(x)
(x)
2(x)

= STEP 4: Evaluate the limit using your simplified form of the expression

= STEP 3: Use algebra to simplify your new expression for as faras possible

O Examiner Tip

= Some limits of anindeterminate form can also be evaluated using I’Hopital’s Rule
= |f anexam question does not specify a method to use, thenyou are free to use whichever method
you prefer
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@ Worked example /
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Use Maclaurin series to evaluate the limit

X3

lim

0 —2x+sin2x
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2 2 3

Maclaurin series for . X I XX
special functions € =1+x+—!+... n(l+x)=x—?+T—...
'fro-n eXom
3 3 2 4
sinx:x—?+%—... cosx:]—%+%—... formula
o - booklet
xS
arctanx=x——+—-—...
3 5
k] 3
llld'\ X = O = _2 &~ ‘I'\Jet‘.fﬁ‘!ﬂﬁte
®*X—0 '1l+s;n?-'£. '7-(0)*‘5;“0 0 ‘Form
3 S
' 2x z
Y. T, N IS
Sl Tk A
X'} x‘!
TEP 2: =
5 z “Llx*sinlx -%x“r,‘isxs‘
1 s
3
STEP 3 . "; — —— = — ql -
- \ . L 1
s +Ex X - I B
i ! | ! 3
STEY % s m = 1 o* = =y
x20 ~Li .- i, T % ¥
\ highar powers of x
will also be zere
. 3 |
lien X B s
X200 ~“2Lx+*sin2Zx e
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